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R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

 Force Method

 Compatibility equations are established by using the
Castigliano’s second theorem, instead of by deflection
superposition as in method of consistent deformations.

* Let us consider a statically indeterminate beam with
unyielding supports subjected to an external loading w.
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R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem
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* Suppose that we select the vertical reaction B, at the
interior support B to be the redundant.

* By treating the redundant as an unknown load applied to
the beam along with the prescribed loading w, an
expression for the strain energy can be written in terms
of known load w and the unknown redundant B, as

sz(w,By)



Method of Least Work / Castigliano’s Second Theorem

 Above equation indicates symbolically that the strain
energy for the beam is expressed as a function of the
known external load w and the unknown redundant B,.

Castigliano’s second theorem

“The partial derivative of the strain energy with respect
to a force equals the deflection of the point of the
application of the force along its line of action”.



R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* Since the deflection at the point of application of the
redundant B, is zero, by applying the Castigliano’s second
theorem, we can write

oU
aBy
* It should be realize that this equation represents the

compatibility equation in the direction of redundant B,,
and it can be solved for the redundant.

0

* This equation states that the first partial derivative of the
strain energy with respect to the redundant must be
equal to zero.
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R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* This implies that for the value of the redundant that
satisfies the equations of equilibrium and compatibility,
the strain energy of the structure is a minimum or
maximum.

* Since for a linearly elastic, there is no maximum value of
strain energy, because it can be increased indefinitely by
increasing the value of the redundant, we conclude that
for the true value of the redundant the strain energy
must be a minimum.



R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* This conclusion is known as Principle of Least Work.

“The magnitudes of the redundants of a statically
indeterminate structure must be such that the strain
energy stored in the structure is a minimum (i.e., the
internal work done is the least).”

* If a structure is indeterminate to the nth degree, the n
redundants are selected, and the strain energy for the
structure is expressed in terms of the known external
loading and the n unknown redundants as
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R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* If a structure is indeterminate to the nth degree, the n
redundants are selected, and the strain energy for the
structure is expressed in terms of the known external
loading and the n unknown redundants as

U= f(w,R,R,,R;,....,R)

in which w represents all the known loads and R, R,,...,
R, denote the n redundants.



R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* Next, the principle of least work is applied separately for
each redundant by partially differentiating the strain
energy expressions with respect to each of the
redundants and by setting each partial derivative equal
to zero; that is,

U _gau_ U
OR,  OR, OR

which represents a system of n simultaneous equations
in terms of n redundants and can be solved for the
redundants.
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R EEEEEEEEEEEE————EEESS..
Method of Least Work / Castigliano’s Second Theorem

* The strain energy of a beam subjected only to bending
can be expressed as

LM2
0 2FT

U =

dx (1)

* According to the principle of least work, the partial
derivative of strain energy with respect to B, must be
zero; that is,

oU _J‘L('?MM

= = dx =0 (2)
0B, % 0B, EI

10



Example 1

Determine the reactions for the beam shown in Fig., by
the method of least work. E/ is constant.

1.6 k/ft

VAV dvd vy v
A /77,778

: 30 ft .
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Solution
1.6 k/ft
VYV v bbbV v v bbby
AX@ A Bl
M, T
AV BV
=:

|< 30 ft

* The beam is supported by four reactions, so its degree of
indeterminacy is equal to 1.

* The vertical reaction B, at the roller support B, is
selected as the redundant.

12



Solution
1.6 k/ft
Q IR
A B
A A

A =
By
) 30 ft g

* We will evaluate the magnitude of the redundant by

minimizing the strain energy of the beam with respect to

B,

* The strain energy of a beam subjected only to bending

can be expressed as
L M?

0 2FET

U =

dx (1)
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Solution 5
L M

0 2F1

U =

dx (1)

* According to the principle of least work, the partial

derivative of strain energy with respect to B, must be
zero; that is,

oU _J‘L('?MM

= = dx =0 (2)
0B, % 0B, EI

 Using the x coordinate shown in Fig, we write the
equation for bending moment, M, in terms of B, as

14



..
1.6 k/ft

Solution
Q PIdd vy b dvvvy
AX
: 30 ft
1.6x°
M =B (x)- 5
* Next, we partially differentiate the expression for M w.r.t
B, to obtain

oM
_ x
OB,
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Solution

* By substituting the expression for M and dM/dBy into Eq.
(2), we write

ou -[ MM 0
| 0B, 0B EI
30
— x(B x—0.8x )dx} =0 :
El “o Y 224 —x  M=B,(x)-1"

y

By integrating we, obtain

9,0008, -162,000=0

B, =18k T

16



_—
1.6 k/ft

Q VAV by dvdviviviy v

Solution

A B, = 18 k

* To determine the remaining reactions of the
indeterminate beam, we apply the equations of

equilibrium
+>YF =0 A,=0  ANS
+TYXF =0 4,-16(30)+18=0 A,=30kT ANS

+CXM, =0 M,-16(30)15)+18(30)=0 M, =180k — fi HANS

17



Solution
1.6 k/ft

4 VAV by dvdviviviy v

Shear Diagram

18 k

101.3 k-ft

Moment Diagram

180 k-ft
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Example 2

Determine the reactions for the two-span continuous
beam shown in Fig., by the method of least work. E/ is

constant.
80 kN
30 kN/m
vddveellliiie l
., O
AB /77 C 7B

I‘ilOm =l’ 5m‘+—5m"l
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Solution
80 kN
30 kN/m
viddbvddbviils l
A e D
T A A = C P
1: BT DT

y y

 The beam is supported by four reactions. Since there are

only three equilibrium equations, the degree of
indeterminacy of the beam is equal to 1.

* Let us select the reaction By to be the redundant.

20



Solution

80 kN
30 kN/m
VyvivvddvbyviB l 3
AX—LA,AW%—CW’W
I\ BT DT

* The magnitude of the redundant will be determined by

minimizing the strain energy of the beam with respect to

B,

* The strain energy of a beam subjected only to bending is

LM2
0 2FT

U =

dx (1)

21



Solution
30 kN/m
vedvvdlididde
AX—ZA,A =
[ !
A B

Yy y

* According to the Principle of Least Work.
ou oM M
OB, 0B, EI
 Before we can obtain the equations for bending

moments, M, we must express the reactions at the

supports A and D of the beam in terms of the redundant

B,

dx =0 (2)
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Solution
30 kN/m
viddbvddbviils
A=0__ — - =
| I
A, =245 - 0.5B, B, D, = 135 - 0.5B,

* Applying the three equilibrium equations, we write

_|__)ZFx:() Ax:O ANS

+ CZMD =0

— 4,(20)+30(10)15)- B,(10)+80(5)=0 A, =245-0.58, (3)
+ 7T >F, =0

(245-0.5B,)-30(10)+ B, -80+ D, =0 D,=135-0.5B, (4)

23



Solution 80 kN
30 kN/m
VYV Vv vV v v vy B l
A0 — ,7Q7A P C
| l
A,= 245 - 0.58, B, D, =135 - 0.5B,
"7 10 m =l< 5m —’I‘— 5m —”

 To determine the equations for bending moments, M,
the beam is divided into three segments, AB, BC, and CD.

* The x coordinates used for determining the equations are
shown in Figure.

* The bending moment equations , in terms of B, are
tabulated in Table on next slide.
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Solution
30 kN/m
ViddddvvvvuiB
AX=

Y 77
[ l
A,= 245 - 0.5B, B, D, = 135 - 0.58B,
——— 10m fe—5m —F—5m —

Segment Origin Limits M oM/9B,

AB A 0-10  (245-0.5B)x~ 15%2 -0.5x

25



Solution

80 kN
30 kN/m
ViddddvvvvuiB l )
A=0__ -7
A A 777 C B
I l S
A,= 245 - 0.5B, B, D, = 135 - 0.58B,
—— 1om b sm —f—sm —
Segment Origin Limits M oM/9B,
AB A 0-10 (245 — U.SBV)X — 15x? -0.5x
DC D 0-5 (135 - 0.5B,)x -0.5x
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Solution

80 kN
30 kN/m
ViddddvvvvuiB l
AX=
/797 A B C

I (I ——

A,= 245 - 0.5B, B, D, = 135 - 0.58B,

—— 1om b sm o 5m —
Segment Origin Limits M oM/9B,

a0 0 10 4 0B o -0.5x

DC D 0-5 (135 - 0.5B,)x -0.5x
@ D 500 ¢ (135 00K )x - 80(x 5] -0.5x
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Solution

* By substituting the expressions for M and dM/dBy into
Eq. (2), we write

E:OIO (— O.Sx)(245x —0.5B x— 15x° )ﬁlx +

*5
-, (0.5x)(135x—0.5B,x Jix +

10
1 ¢ 0.5x)(55x—0.5B,x + 400 kx = 0

* By integrating, we obtain

~40,416.667 +166.667B, =0 = B, =2425kNT  ANS

28



N
Solution

* By substituting the value of B, into Egs. (3) and (4),
respectively, we determine the vertical reactions at
supports A and D.

A, =123.75kN T ANS
D, =13.75kN T ANS
80 kN
30 kN/m
byvdviliviius l A
g ]
. T A A = C P

I I I

A,=123.75 kN B, = 242.5 kN D, = 13.75 kN

29



: 80 kN
Solution 30 kKN/m

IR R R RN : l )

A=0__ -7
Y W /77977 C o
A,=123.75 kN B, = 242.5 kN D, = 13.75 kN
123.75 kN 66.25 kN
‘ Shear Diagram
13.75 kN
176.25 kN
255.2 kN-m

/\ 68.8 kN-m Moment Diagram
/\
262.5 kN\m/ 30




Example 3

Determine the reactions for the beam shown in Fig., by
the method of least work. E/ is constant.
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Solution

The beam is supported by four reactions. The equations
of equilibrium is three, so the beam is indeterminate to
the first degree.

* Let us select the reaction By to be the redundant.

32



Solution  syn

* The magnitude of the redundant will be determined by

minimizing the strain energy of the beam with respect to

B,

* The strain energy of a beam subjected only to bending is

LM2
0 2FT

U =

dx (1)

33




Solution 5 kN 30 kN

* According to the Principle of Least Work.
ou oM M

OB, 0B, EI

 To determine the equations for bending moments, M,
the beam is divided into three segments, AB, BC, and CD.

dx =0 (2)

* The x coordinates used for determining the equations are
shown in Figure on next slide.
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Solution

* The bending moment equations , in terms of B, are

tabulated in Table.
5 kN 30 kN

l

Segment Origin Limits M oM/oB,
AB A 0-2 =5x i i
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Solution

* The bending moment equations , in terms of B, are

tabulated in Table.
5 kN 30 kN

Segment Origin Limits M oM/oB,
BC A 2-6 -5x + B, (x-2) X-2

36



Solution

* The bending moment equations , in terms of B, are

tabulated in Table.
5 kN 30 kN

A
Segment Origin Limits M oM/0B,
AB A y / -5X 0
BC A 2-6 -5x + B, (x-2) X-2

CD A 6-10 -5% + B, (x-2) — 30(x-6) X -2

37




Solution

* By substituting the expressions for M and dM/dBy into
Eq. (2), we write

5U_J'L8MM

0B, % 0B, EI

N O N

EI o El ¥

é 610 (-5x+B,(x—2)-30(x—6)x—2)lx = 0

dx =0 )

* By integrating, we obtain

-2773.327+170.66B,=0 = B =1625kNT ANS

38



Solution
* By using the equations of equilibrium, the remaining
reactions are find as
D, =188kNT  ANS
D, =0 ANS
M, =40 kN —m ) ANS

5kN 30 kN

My = 40 kN-m
) D,=0

D, = 18.8 kN

B, = 16.25 kN

39



5 kN 30 kN

Solution
M;p =40 kN-m
A . D,=0
i C
B,=16.20 kN
y D, = 18.8 kN
11.2
Shear Diagram
-5
-18.8
35
Moment Diagram
-10
-40

40



Example 4

Determine the reactions for the frame shown in Fig., by
the method of least work. E/ is constant.

5m >l 5m
40 kN

41



Solution

The structure is indeterminate to the 2"9 degree. It has
two redundant reactions.

40 kN

42



Solution

Let us choose R; and R,, the reactions at A, to be the
redundants.

40 kN

43



Solution
R, ——>/7»7
Ta
According to the principle of least work
U _[MM g (1)
OR, *° OR, EI
oUu LaMde:O 2)

OR, " OR, EI .



Solution

The expressions for moment and its derivative needed to
solve Eq. (1) & (2) are listed in the table on next slide.

45



Solution

Segment  Origin Limits M OM/0R, OM/0R,
AB A 0-5 - R,X 0 X

46



Solution

Segment  Origin Limits M OM/0R, OM/0R,
AB A 0D-5 - R,x 0 -X
BC B 0-5 R,X - 5R, X 5

47



Solution

Segment  Origin Limits M OM/0R, OM/0R,
AB A bhenon oy 0 -X
BC B 0-5 R,x-5R, X -5

CD B 510 Rx HR - 40x+ 200 X =5

48



R EEEEEEEEEEEE————EEESS..
Solution
Substitute these values into Eq. (1) & (2).

W[ MMT o ), Yo MM o (2
OR, % OR, EI OR, % OR, EI
Segment Origin Limits M OM/0R, O0M/0R,
AB A i - 0 -X
BC B 0-5  Rx-5R, X 5
CcD B 5-10 R,x-5R,—40x + 200 X -

[ (Rx* = 5R,x )k + E "(Rx” = 5R,x —40x> +200x )dx = 0

jos R xdx + jos (—5R.x+25R, )dx + jsm (= 5Rx+25R, +200x —1000)dx = 0

49



Solution
From which

333R, —250R, —4167 =0
—250R, +292R, +2500 =0

and
R, =17.0kN ANS

R, =6.0kN ANS

50



Solution

A

5m

5m

A\ 4

M; = 60 kN-m

%—HD=6kN

Vp = 23 kN

51



Solution

M; = 60 kN-m

%HD=6kN

Vp = 23 kN

-23

Shear Diagram
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M; = 60 kN-m

%HD=6kN

Vp = 23 kN

Solution

R,=6 kN

TR1=17 kN 55

-30
-60

Moment Diagram

53




Example 5

Determine the reactions for the frame shown in Fig., by
the method of least work. E/ is constant.

10 kN

A
A 4
A
A 4

1.5m 1.5m

54



Solution

The structure is indeterminate to the first degree. It has
single redundant reaction.

10 kN

10 kN

R, 55



Solution

Let us choose R,, the reaction at D, to be the redundant.

10 kN

10 kN

R, 56



Solution 10kN

10 kN

According to the principle of least work

oU _1oM M
OR, % OR, EI

dx =0 (1)

57



Solution 10kN

10 kN

Segment Origin Limits M OM/0R,
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Solution

Segment Origin Limits M OM/0R,
DC D 0-4 0 0
CE C 0-1.5 Ri-X X

59



. 10 kN
l l, |
Solution " 15m 1.5m
B C
10 kN
F 4 m
|VIA
HA AQ e A 0 D —_v
' [
Rl
Segment Origin Limits M OM/0R,
DC D 0-4 0 0
CE C 0-1.5 Ri-X X
EB C 15-3 R;.x—10(x - 1.5) X

60



Segment Origin Limits

DC D 0-14
CE C 0-1.5
EB : o
BF B 0-2

M OM/0R,
0 0
R..X X
B 1 X

3R, - 10(1.5) 3 o




Segment
DC
CE
EB
BF
FA

Origin

D

C
C
B
F

Limits
0—4
0-1.5
T -
0-2
L

R..X
R;.x—10(x - 1.5)
3R, — 10(1.5)
-

3 62



Solution

Segment

DC
CE
EB
BF
FA

1.5

R =5.958 kN = 6 kN

R, x—10(x-15)
3R, - 10(1.5)
3R, - 10(1.5) — 10x

1 O 0O 0O

1 ¢30 1 e 5
Rx2dx - [ [(R =10)x+15]xdx L [, OR, —45)dx+ — [, (O, —45-30x)dx =0



Solution

4 Axial Force Diagram 6

64



Solution

10 Shear Force Diagram

65



Solution

8.9

2.9

-17.1

T Bending Moment Diagram

66



Example 6

Determine the reactions for the frame shown in Fig., by
the method of least work. E/ is constant.

10 kN
2m
10 kN
s F
2m
‘L A D

A
A 4
A
A 4

1.5m 1.5m

67



Solution

The structure is indeterminate to the second degree. It
has two redundant reactions.

10 kN

10 kN

R, 68



Solution

Let us choose R,, R,, the reaction at D, to be the
redundant.

10 kN

10 kN

R1 69



ing & Technology, Taxila

Solution
According to the Principle of Least Work

10 kN

oU oM M E
— = dx =0
OR, '[0 OR, EI

10 kN
oU LoM M F
—= dx =0
OR, IO OR, EI y



Solution 10kN

10 kN

Segment  Origin Limits M OM/0R, OM/0OR,
DC D 0-4 -R,.x 0 -X
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Solution

R2
Segment  Origin Limits M OM/0R, OM/0OR,
e D i -R..X 0 -X
CE C 0-1.5 4R, + R,.X X -4

72



. 10 kN
le Je .|
Solution —— T —
10 kN
F £
|VIA
D
Ha /7777 A < R,
V, TRl
Segment  Origin Limits M OM/0R, OM/0R,
DC D 0-4 “R,.X 0 X
CE C 0-1.5 -4R, + R,.X X -4
EB C 15-30  -4R, +R,.x-10(x-1.5) X 4

73



Solution

10 kN

1.5m 1.5m ! C

&;10—m Tm
Segment  Origin Limits M OM/0R, OM/0R,
DC D i -R,.x 0 -X
CE C 0-1.5 -4R, + R,.X X -4
I o . 4R, + R;.x -10(x-1.5) X -4
FB A 2-4 -35+ 3R, — (R, — 10)x — 3 X

10(x — 2)

74




I l N )
Solution I T R A -
10 kN
F 4m
M, =35 - 3R, .
D
Hy=R,-10—\> = A_L « R, v

MV, =10-R, R,
Segment  Origin Limits M OM/OR, OM/0R,
DC D 0-4 -R,.x 0 -X
CE C 0-15 -4R, + R.X X -4
B C 15-3.0 -4R, + R;.x -10(x - 1.5) X -4
FB A 2-4  -35+3R,—(R,—10)x— 10(x - 2) 3 X
AF A 0-2 -35 + 3R, — (R, — 10)x 3 x|



Solution

Segment  Origin Limits M

DC D 0-4 -R,.X

CE C 0-1.5 4R, + R,.X
D8R0 ) R b
FB A 2-4  -35+3R,—(R,—10)x—10(x - 2)
AF A 0-2 -35 + 3R, - (R, - 10)x
U _poM M,

OR % OR, EI

| 1 30
—l, (—4R, +R1x)xdx+E [, 4R, + Rix—10(x—1.5)}xdx

1 (4 1

+EL (-35+3R, - (R, —10)x—10(x—2))3dx+EIO

A5R —42R, —268.125=0

OM/0R,

0
X
X
3

OM/0R,

“(=35+3R, — (R, —~10)x3cx =0



Solution

Segment
DC

CE
EB
FB
AF

oU _poM M

El

—42R, +90.67R, +178.33=0

Origin

D

> > O O

OR, % @R, EI
4
= (= Ryx Y x )dx + 7
L

(=35+3R, — (R, —~10)x—10(x —2))- x)

-4R, + R .X
-4R, + R;.x -10(x - 1.5)
-35 + 3R, — (R, — 10)x — 10(x — 2)
-35 + 3R, — (R, — 10)x

1.5 3.0

1.5
(—4R, + R x)—4)dx + —

dx +—

OM/0R,

0
X

X
3

[TT-4R, + Rx—10(x~1.5)|~ 4)dx

2 (_ 35+3R, - (R2 — IO)x)(_ x)dx 0

OM/0R,



ing & Technology, Taxila

Solution

45R —42R, —268.125=0
—42R +90.67R, +178.33=0

solving simultaneously, we have

R, =7.2608=7.30 kN
R, =1.3964 = 1.4 kN

78



Solution

10 kN

10 kN

13.2 kN-m

D
8.6kN<—%7777A <« 1.4kN

2.7 kN
7.30 kN

79



Solution

10 kN 1.4

10 kN
F
13.2 kN-m
A D |
8.6 kN T 1.4kN 27 Axial Force Diagram 7.3
2.7 kN T

80



Solution

10 kN 57 »
-7.3
10 kN
F 8.6
-1.4
13.2 kN-m
D
‘ A i
8.6 kN T T 1.4 kN Shear Force Diagram
2.7 kN

81



Solution

10 kN >3
1.194
-5.6
10 kN 3.983
; T\
13.2 kN-m
( A D -13.2
/7777 < .
8.6 kN T T 1.4kN Bending Moment Diagram
2.7 kN

82



Example 7

Determine the reactions for the frame shown in Fig., by
the method of least work. E/ is constant.

10 kN

A
A 4
A
A 4

1.5m 1.5m

83



Solution

The structure is determinate to the third degree. It has
three redundant reactions.

10 kN
2m
10 kN

Y -

2 R
D

H, Jém nﬁ} R,
\IjA 15m =~ 15m |

R, 84



Solution

Let us choose R;, R,, R;, the reaction at D, to be the

redundant.
10 kN
2m
10 kN
Y -
2m M, R3
D
e A
\IjA 15m = 15m |

R, 85



ing & Technology, Taxila

Solution
According to the Principle of Least Work

10 kN
oU LoM M E
— = dx =0
OR, | OR, EI
10 kN
F
U _pom i,
OR, % R, EI . .
L W A
a_U:jL oMM, _, i T
OR, * R, EI v,



Solution 10kN

10 kN
F 4m
M, X R,
A D

Ha /7777 /7777\?’ R,——

' T

Ry

Segment Origin Limits M OM/0R, OM/0OR, OM/OR,

DC D 0-4 . 0 X -1
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Solution

Segment Origin Limits M OM/0R, OM/0OR, OM/OR,
DC D -1 -R,.x - Ry 0 -X -1
CE C 0-15 R,.X -R,.4 - R, X -4 -1

88



Solution

10 kN
F 4m
M, R,
A D
Ha /7777 /7777\?’ Ry——
' T
Ry
Segment Origin Limits M OM/0R, O0M/0R, OM/OR,
DC D 0-4 -R,.x - R, 0 X 1
CE C 0-1.5 R,.X -Ry.4 - R, X -4 -1
EB C 15-3.0  R,x-R,4-R,—10(x~1.5) X 4 -1



Solution :

1.5m

B C
10 kN
F 4m
X
M,=35-3R, +R
A 1T R3 R,
D
HA=R2-104%7777A—— W‘j, R,—*—
V,=10-R, R,
Segment Origin Limits M OM/OR, O0M/0R, OM/OR,
DC D 0-4 -R,.x - Ry 0 X -1
CE C 0-1.5 R.X-R,.4 - R, X -4 -1
. C 1.5-3.0 - : -4 .
FB A 2-4 -(R,—10)x - (+35 - 3R, + R,) 3 X 1

—10(x - 2)




Solution

10 kN

M, =35 - 3R, + R,

H, =R, - 104%

D

XV

Rs

Segment

Origin
D 0-4
C
C i 0
A
A .

'Rz.x o R3
Rl.X _R2.4 - R3
R;.X-R,.4 - R, — 10(x — 1.5}

~10(x - 2)

OM/0R,

0

X

X

OM/0R,



Solution

Segment Origin

Limits M
0-4 -R;.x =Ry
0-1.5 R;.X-R,.4 - R,
> U R,xR 4 R 10(x—15]
2-4 -(R,—10)x - (+35- 3R; + R;)
- 10(x—2)

OM/0R,

0
X

X
3

OM/0R,

OM/dR,

AF . - - |

DC D
CE C
EB &
FB A
orE A
U _ oM M
OR, % OR, EI
|

ET 0
1
El

1
ET

4 1 ¢2
+—[ (R, +10)x—(+35-3R, +R3)—10(x—2))3dx+E—j

[ J0

45R —42R, —16.5R, —268.125=0

_ 1‘5(Rlx_R24—R3)xa’x+—J-13.‘50[R1x—R24—R3 —IO(x—l.S)]xdx

(D

(-R, +10)x—35+3R — R, J3dx =0
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Solution

Segment Origin Limits M OM/OR, O0M/0R, OM/OR,
DC D 0-4 -R,.Xx - R, i i -1

CE C 0-15 R,X-R,.4 - R, x4 1

EB [ s X L B
FB A 2-4 -(R,—10)x - (+35 - 3R, + R,) 3 X -1

~10(x—2)

AF | A o - W i
ou oM M ,

OR, * OR, EI =~
1 ¢4 1

N [(Rx-R,4-R,)- 4)dx+é [ [Rx~R,4~ R, ~10(x~1.5)|~ 4)dx

EJ %
1 ¢4 1 ¢
+EL((—R2+10)x—(+35—3R1+R3)—10(x—2)X—x)dx+EIO((—RZ+10)x—35+3R1—R3)(—x)dx:0

—42R +90.67R, + 28R, +178.33=0 2)
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Solution

Segment Origin Limits
DC D 0-4
CE C 0-1.5
EB C 1.5~3.0
FB A 2-4
arE A 0-2
oU (oM M ,
OR, 0 OR, EI
1 ¢4 1
— | (=R x—R N\-1)dx+—
L[ R RN D+
1
+_
EI

15 I 3
[, (Rlx—R24—R3)(—1)dx+E— )

M
'Rz.x - R3

~ Ryx-R,4-R,—10(x - 1.5}
-(R,—10)x - (+35- 3R; + R;)

—10(x - 2)

T s

OM/0R,

OM/0R,

OM/dR,

“[Rx—R,4—R, —10(x—1.5)[(~ 1)dx

f((— R, +10)x —(+35-3R, +R3)—10(x—2))(—1)dx+$_[02((— R, +10)x—35+3R —R,f~1)dx=0

~16.5R, + 28R, +11R, +91.25=0

3)
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ing & Technology, Taxila

Solution

45R, —42R, —16.5R, —268.125=0

—42R +90.67R, + 28R, +178.33 =0

—16.5R, +28R, +11R, +91.25=0

By solving simultaneously, we have

R =648kN=6.50T
R, =277 kN =2.80 «
R,=—563kN-m=570kN-m )

(D)
(2)
3)
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Solution

10 kN
2.8

5.70 kN-m

D
7777 A 3
7.2 kN T T 2.80 kN 2 Axial Force Diagram 6.5

3.5kN 6.50 kN
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Solution

10 kN
3.5

2.8

-6.5

7.2 2.8

5.70 kN-m

D
/7777 A -
7.2 kN T T 2.80 kN Shear Force Diagram

3.5 kN 6.50 kN
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Solution

10 kN
0 4.3

4.5

5.70 kN-m

D
A —-9.9 —
/7777 -5.7
7.2 kN T T 2.80 kN Bending Moment Diagram

3.5 kN 6.50 kN

98



