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FRAMES

e Method of consistent deformation is very useful for
solving problems involving statically indeterminate
frames for single story and unusual geometry.

* Problems involving multistory frames, or with high
indeterminacy are best solved using the slope deflection
or moment distribution or the stiffness methods.
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Example 6

Determine the support reactions on the frame shown. El
Is constant.

8 kN/m

A

5m
4 m

Actual Frame
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Solution

Principle of Superposition
8 kN/m

—a

4m

Actual Frame

B

By inspection the frame is indeterminate to
degree.

the first
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Solution

Principle of Superposition

* We will choose the horizontal reaction at support B as
the redundant.

* The pin at B is replaced by the roller, since a roller will
not constraint B in the horizontal direction.

8 kN/m

Primary Structure o
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. 8 kN/m
Solution
Principle of Superposition A
Primary Structure
8 kN/m
l<
>
_;l'—m redundant B,
Actual Frame applied

/////
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. 8 kN/m
Solution
Compatibility Equation A
+ \\‘\
% O:AB +BXfBB “\\
Primary Structure
8 kN/m
l<
>
am redundant B,
Actual Frame applied
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Solution
Compatibility Equation

O:AB +BxfBB

* The terms A; and fg; will be computed using the method
of virtual work.

e The frame’ s x coordinates and internal moments are
shown in figure.

* It is important that in each case the selected coordinate
X, Or X, be the same for both the real and virtual loadings.

* Also the positive directions for M and m must be same.
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Solution

Compatibility Equation

* For A; we require application of real loads and a virtual
unit load at B

8 kN/m

X a‘ M, =20x, —4x]



El

5 (20)61 —4x; IO-8x1 yxl n

J0

L0667

El

.[ 4 O(1x2 )dx2 dx
0 El
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Solution
Compatibility Equation

* For f;z we require application of real unit load acting at B
and a virtual unit load acting at B

11
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Solution

Lm 0.8x, ¥d 4 0(1 d
fBB_j E] I( xlf xl_l_J' (xz); xzdx

267 213 _ 480
El EI EI

12
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Solution
Compatibility Equation

O:AB_I_BxfBB (D)

e Substituting the data in Eqg. (1)

0 166.7 +Bx(48'0j
El El

B =-3.47kN ANS

13
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Solution
Equilibrium Condition

* Showing B, on the free body diagram of the frame in the
correct direction, and applying the equations of
equilibrium, we have

40 kN

" 25m ' 25m
A

B 14



Solution

Equilibrium Condition

AX
' 2.5 m T 2.5 m
AV
4 m
sM_.
3.47 kN
SN F. =0, A,-347=0 A =347kN ¥

+Y M, =0; -40Q5)0+B,(5)347(4)=0 B, =228 kN

+TY F =0, A,-40+228=0 A =172kN

15
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Example 7

Determine the moment at fixed support A for the frame
shown. El is constant.

k3ft—>

Actual Frame r
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Solution
Principle of Superposition

Actual Frame

%3&»

By inspection the frame is indeterminate to the first
degree. ,
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Solution
Principle of Superposition

* M, can be directly obtained by
choosing as the redundant.

* The capacity of the frameto
support a moment at Ais
removed and therefore a pinis
used at A for support.

Actual Frame

18
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Solution

Compatibility Equation  ((3)  0=6,+M ,a,, (1)
Reference to point A

B

&
Q)
S
Y

actual frame primary structure Redundant M, applied
19
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Solution
Compatibility Equation

(("') 0=0,+M ,c,, (1)

* The terms 6, and a,, will be computed using the method
of virtual work.

e The frame’s x coordinates and internal moments are
shown in figure.

20
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Solution
Compatibility Equation
Reference to point A

222.51b
500 Ib PN AN
ay =, 370.8 b

— . 0.08331b

A Y

9967 1b %2 30,0667 Ib

M, =296.7x, —50x; m, =0.0667x,
M, =29.17x, . m, =1-0.0833x, .
X1 X1
<t 29.171Ib 0.08331b— > v
1 Ib.ft

300 Ib 0 21
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Solution

For B, we require application of real loads and a virtual
unit couple moment at A

2225 1b

=5 370.8Ib

— . 0.08331b

A Y

9967 1b %2 30,0667 Ib

M, =296.7x, —50x> m, =0.0667x,

M, =29.17x, m, =1-0.0833x,

—-—

X1
<« 29.171b 0.0833 |b —>

300 |b 0 22
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0,-3 [ Mm, . _ i (29.17x, X1-0.0833x, Jix, i (296.7x, —50x2 J0.0067x, ¥ix,
0 0 0

El El

~ 5185 N 303.2 321.8
EI EI EI

222.5 b
500 Ib PN AN
ay =, 370.8 b

— . 0.08331b

A Y

9967 1b %2 30,0667 Ib

M, =296.7x, —50x; m, =0.0667x,
M, =29.17x, — m, =1-0.0833x, —
Xy X1
<t 29171lb 0.08331b— > v
1 Ib.ft

300 |b 0 23
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Solution

For a,, we require application of real unit couple
moment and a virtual unit couple moment at A

0.051b

— . 0.0833Ib

A Y

2 3v"0.0667 Ib

m, =1-0.0833x,

0.0833 b —
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Xs = ZJL P00 gx :j: (1 — 0-082]3)61)261')61 + j()s (O°006l7;;2)2dx2

~3.85 N 0.185 4.04
El El El

— . 0.08331b

A Y

2 3v"0.0667 Ib

m =1-0.0833x M.
X1
0.0833 Ib —— v
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Solution

Substituting these results into
Eq. (1), and solving vyields

0 821.8 M(404)
EI El

M, =-2041b.fi ANS

The negative sign indicates M,
acts in opposite direction to that

shown in figure. N

M, =204 Ib.ft

26



oy Taxila

Example 8

Determine the reactions and draw the shear and bending

moment diagrams. El is constant.

2 k/ft

15 ft

Actual Frame

30 ft

27
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Solution

Principle of Superposition
2 k/ft

15 ft

Actual Frame

30 ft

* Degree of indeterminacy = 2

28
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Solution
Principle of Superposition

* We will choose the horizontal reaction D, and vertical
reaction D, at point D as the redundants.

Actual Frame
2 k/ft

29
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Solution
Principle of Superposition

 Primary structure is obtained by removing the hinged
support at point D.

2 k/ft

Primary Structure
30
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Solution
Principle of Superposition

* Primary structure is subjected separately to the external
loading and redundants D, and D, as shown.

2 k/ft

31

Primary Structure
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Solution
Principle of Superposition

* Primary structure is subjected separately to the external
loading and redundants D, and D, as shown.

’ —
A DyDx™ Dfony

/
/
/
'/
’ —
< > A DxDx™ I:)foxDx

Redundant D, applied -
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Solution
Principle of Superposition

* Primary structure is subjected separately to the external
loading and redundants D, and D, as shown.

A’ pydy=Dyfoy0y
A L

Redundant D, applied -
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Solution
Compatibility Equation
O — ADx T Al')xDx + Ai)ny = ADx + DfoxDx + Dnyny (1)

O = ADy + Z"Dny T A'DyDy = ADy + Dfony T DnyyDy (2)

 The equations for bending moments for the members of
the frame due to external loading and unit values of the
redundants are tabulated in the table.

* By applying the virtual work method, we will find Ap,, Ap,,

fDXDXI nyDxr 1:Dnyl nyDyr

34
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Solution

Compatibility Equation S M,

M]_ M3
B
Xl X3
10 k «— v
A 1050 k-ft
60 k
Member Origin Limits M (k-ft)
AB A 0-15 -1050+10x,
CB C 0-30 -X,2

DC D 0-15 0

35
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Solution
Compatibility Equation _
Dx2
B
mel mDX3
T T
Xl X3
1k — W ‘ < 1k
A D

Member Origin Limits M (k-ft) mp, (k-ft/k)

AB A 0-15 -1050+10x, Xy

CB C 0-30 X2 -15

DC D 0-15 0 -X3 36
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Solution
Compatibility Equation _
Dy2
B
mDyl mDy3
i T
Xl X3
30 k-ft v v
A D T
1k 1k

Member Origin Limits M (k-ft) mp, (k-ft/k)  mp, (k-ft/k)

AB A 0-15 -1050+10x, X, 30

CB C 0-30 X2 -15 X,

DC D 0-15 0 -X3 0 37
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Solution

" _ILMme jls 1050+10x1)( xl)dx1+j030( xg)(—ls)dx2

El
+ _FS dx3
A, =106875+135000 +0 = 24275 k— ft°

2
I MZDy b=’ (1050 2 ; 0x, )(30) b+ (- xg(x2 ) 40
641250

Ap, =—438750 —202500 +0 = — o, k— ft’

Dy

38



39



Solution

/ DxDy — / DyDx — J;L o0, dx = " (_ - )(3O)dx1 + _[30 (_ 15)(X2 )dx2

3
fDny — nyDx - ﬁ

40
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Solution

241875
"I
641250
Aoy === kS
9000

fDxDx EI f

22500
El

k—

Jony = Je

10125

3
fDny = nyDx -~ ﬁ

El

41
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Solution

Now put these values in the Equations (1) and (2)

0 =241875+9000D, —10125D, (1)

0=-641250-10125D, +22500D,  (2)

By solving (1) and (2) simultaneously we get

D_=10.503k «

D, =33226k 1T

42
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Solution
* Applying equations of equilibrium, we have the other
support reactions as

2 k/ft

<«— 10.503 k

53.22 k-ft

26.774 k 33.226 k

43



Solution
e Shear diagram

26.774

\ .
.0.503 -33.226
D

10.503

44



Solution

e Moment diagram

60.765

118.447

N

/ 60.765 157.545 \

53.22 D

157.545

45
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TRUSSES

 The degree of indeterminacy of a truss can be find using
Equation b+r > 2j.

where
b = unknown bar forces, r = support reactions,
2j = equations of equilibrium

* This method is quite suitable for analyzing trusses that
are statically indeterminate to the first or second degree.

46
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Example 9

Determine the force in member AC of the truss shown.
AE is same for all members.

400 Ib

6 ft

- 8 ft .

Actual Truss

47
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Solution
The truss is statically indeterminate to the first degree.

p+1=2 T
6+3=2(4)
9>8 6 ft
9 -8 = 1stdegree l

B

« 8 ft >|’
Actual Truss

48
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Solution
Principle of Superposition

* The force in member AC is to be determined, so member
AC is chosen as redundant.

 This requires cutting this member, so that it cannot
sustain a force, making the truss S.D. and stable.
400 Ib

—
C

6 ft

Actual Truss

8 ft N 49

>
<




Taxila

Solution

Primary Structure

400 Ib

Actual Truss




ing & Technology, Taxila

Solution
Compatibility Equation

 With reference to member AC, we require the relative
displacement A ,., which occurs at the ends of cut
member AC due to the 400-lb load, plus the relative
displacement F,f,coc caused by the redundant force
acting alone, be equal to zero, that is

0= AAC + FACfACAC

Redundant F,. applied
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Solution

Compatibility Equation

Here the flexibility coefficient f,.,c representsthe
relative displacement of the cut ends of member AC
caused by a real unit load acting at the cut ends of

member AC.
0= AAC + FACfACAC
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Solution
Compatibility Equation

* This term, f,.,c, and A .. will be computed using the
method of virtual work.

0= AAc + FACfACAC
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Solution
Compatibility Equation

* For A,. we require application of the real load of 400 lb,
and a virtual unit force acting at the cut ends of member
AC.
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_ 2[(—0.8X400X8)} L (£0.6)0)6)  (£0.6)300)6) (1)X-500)10) (1)0)10)
B AE AE AE AE

AE
11200

AE
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Solution
Compatibility Equation

* For f,.nc We require application of the real unit forces
acting on the cut ends of member AC, and virtual unit
forces acting on the cut ends of member AC

56
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Solution

facac =2 Aé
{2 et

3456

AE
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Solution

Substituting the data into Eq. (1) and solving yields

o 11200 3456 .
AE  AE
F,.=3241b(T) ANS

Since the numerical result is positive, AC is subjected to
tension as assumed.

Using this result, the forces in other members can be
found by equilibrium, using the method of joint.

58
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Example 10
Determine the force in member AC of the truss shown.

- 8 ft .

Actual Truss

59
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Example 11

Determine the reactions and the force in each member
of the truss shown in Fig. shown. E = 29,000 ksi

E (6in.2) F

(6in.2) B (6in.2) C (6in.2)
} 25 25k )

3 panels at 20 ft = 60 ft =}

—=

Actual Truss
60
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Solution

The truss is statically indeterminate to the first degree.
b+r=2j

9+4=2(6)

13>12

13 —-12 = 1st degree

E (6in.2) F

(6in.2) B l (6in.2) l C (6in.2)
25 k 25 k

3 panels at 20 ft = 60 ft =f

A

61
Actual Truss



ing & Technology, Taxila

Solution g .

—> 28 k Actual Truss

Bl l C
AyT 25 k 25 k TDV

* D, at hinged support D is selected as Redundant.

* Primary structure is obtained by removing the effect of
D, and replacing hinge by roller support there.

* Primary structure is subjected separately to external
loading and redundant Force D,.

62
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Solution

Primary
Structure

D

|

/—,77
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Solution

« A, is horizontal deflection at point ‘D’ of primary
structure due to external loading.

Primary
Structure

D

28k A >
9
52 Bl 42.67 l C 42.67 o



Taxila

Solution

Redundant
D, is applied

65
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Solution E F

Redundant
D, is applied

A’ is horizontal deflection at point ‘D’ due to redundant
force D,.

66
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Solution

fop is horizontal deflection at point ‘D’ due to unit force.

67
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Solution
Compatibility Equation

O:AD +DfoD

28 k

A y y s

28k Primary

s Redundant
tructure D, is applied
+
A, D,
—> 9. " >
A v v A e
A 25 k 25 k D N pp=D,fpp

68
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Solution

* We will use virtual work method to find Ayand fyp.
» Deflection of truss is calculated by

niNL
Ap=Y
AE
where
n= axial force in truss members due to virtual unit load

acting at joint and in the direction of A,

N = axial force in truss members due to real load acting
that causes A,

69
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Solution

* We will use virtual work method to find Ayand fyp.
» Deflection of truss is calculated by

f n’lL
DD —
AFE
where
n= axial force in truss members due to real unit load

acting at joint and in the direction of A,

n= axial force in truss members due to virtual unit load
acting at joint and in the direction of A,

70
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Solution

TABLE

Member L (in.) A (in.2) N (k) n (k) nNL/A n2L/A F=N+nD,

(k/in.)

AB 240 6 52 1 2,080 40 6.22
BC 240 6 42.67 1 1,706.8 40 -3.11
CDh 240 6 42.67 1 1,706.8 40 -3.11
EF 240 6 -24 0 0 0 -24
BF 180 4 18 0 0 0 18
CF 180 4 25 0 0 0 25
AE 300 6 -30 0 0 0 -30
BF 300 4 11.67 0 0 0 11.67
DF 300 6 -53.33 0 0 0 -53.33
R SR L 554936 120

n’L 120 (1/in.)
Jop :Z AE = E 71




~ 52x1x20x12 N 42.67><1><20><12+42.67><1><20><12

AD
6F 6F 6F
2080 1706.8 1706.8
A= + +
6F 6F 6F
A, = 5493.6 k/in

E

72



1><1><20><12+1><1><20><12+1><1><20><12

Joo =""¢F 6E 6E
120 (1/in)
fDD — 5

Now put these results into Equation (1)

250, p <12 o D, =-45.78k (<)

Y3} E

73
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Solution

F=N+nD,
F,, =52+1(-45.78)=6.22(T)
F,.=42.67+1(-45.78)=-3.11(C)
F., =-3.11(C)

Equation of Equilibrium

ZF 0

A +28-4578=0 . e
4 =1778k (&) poaa] T
4, =18k (1)

p -k ()

74
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Primary
Structure




oy Taxila

Example 12

Determine the reactions and the force in each member
of the truss shown in Fig. shown. EA = constant. E =200
GPa., A =4000 mm?

F G H
> 70 kN T
10m
A e
B C D/7’7 E
v v
80 kN 80 kN

L|

) 4 panels at 10m=40m g

Actual Truss
76
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Solution

Principle of Superposition

Degree of Indeterminacy = 2
b+r>2]

14+4>2%8

18 > 16

> 70 kN

B C Rl

A 4 \ 4
AyT 80 kN 80 kN D EVT

Actual Truss 77
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Solution
Principle of Superposition

D, at support D and force Fzg in member BG are selected
as redundants.

> 70 kN

B C D2

Y \ 4
AyT 80 kN 80 kN D EVT

Actual Truss 78
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Solution
Principle of Superposition

The roller support at ‘D’ is removed and member BG is
cut to make the structure determinate.

> 70 kN

B C D

T Y \ 4 T
A, 80 kN 80 kN E,

Determinate Truss 79



oy Taxila

Solution
Principle of Superposition

This determinate truss is subjected separately to actual

loading, redundant ‘D, " and redundant force in the

redundant member BG.

80

Primary structure subjected to actual loading
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Solution
Principle of Superposition

This determinate truss is subjected separately to actual

loading, redundant ‘D, " and redundant force in the

redundant member BG.

81

Redundant D, applied
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Solution
Principle of Superposition

This determinate truss is subjected separately to actual
loading, redundant ‘D, " and redundant force in the

redundant member BG.

’ —
A BG,BG™ I:BGfBG,BG

-———_
-

’ —
A D,BG™ I:BG-I:D,BG

Redundant Fg; applied 82
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-
-
-
_——
—

-
-
-
-

-
-
-

¢ A'pp= DnyDT D
+

’ —_—
A BG,BG™ I:BG.I:BG,BG

-

-
-

C N D,BG™ FBGfD,BGD

Actual Truss

Primary structure

Redundant D, applied

Redundant Fy; applied

83
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Solution

Redundant D, applied

-———_
-

A - NS T E
A
B ¢ A'DD=Dnyq D
Dy
F G H

Unit load in the direction
of D, applied

84



Solution

Redundant Fg; applied

Unit force in member
BG applied

-

85
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cr ey —> 70 kN
Compatibility Actual Truss
Equation A,
Primary structure
O:AD+DnyD+FBGfD,BG N +
0= Apg + DnyG,D + FBGfBG,BG ——3 3

Redundant D, applied
~~~~~~~ E

T
B ¢ A’DDszfDDT D
+

-
-
-
_——
—

’ —
A BG,BG™ I:BG'I:BG,BG

Redundant Fy; applied

-

________
A - -~
A / ] E

86
A'D,BGzFBGfD,BGD
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Compatibility Equation
0=A, +DnyD +FBGfD,BG
0= ABG + DnyG,D + FBGfBG,BG

A, = vertical deflection at joint D of primary truss due to external loading

Ay = relative displacement b/w cutting ends of member BG due to external loading
fop = vertical deflection at joint D due to a unit load at joint D

faep = relative displacement b/w cutting ends of member BG due to unit load at D
faepe = relative displacement b/w cutting ends of member BG due to unit force

foss = vertical deflection at joint D due to a unit force in member BG
87
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Compatibility Equation

We will use the method of virtual work to find the
deflections

0=A, +DnyD +FBGfD,BG
O0=Ap;+ DnyG,D + FBGfBG,BG

Nn, L n-nnL N-N,-L
AD:Z AZ' fDD:Z 1342 fD,BG:Z o2

L
Ape = Z NZIZ,;L Js6 = Z nBCZlgG fBG,D = Z

88
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Compatibility Equation
Nn, L n.n,L nan,.-L
AD:Z . fDD:Z - fD,BG:Z e

AE AE AE
Nn. L o NyahpelL _ npehpl
Ap =2 ABZSZ; foo = 2 BZ;G faoo = 2. AE

N = member forces due to external loading
np = member forces due to unit load at joint D
ngs = member forces due to unit force in member BG

The numerical values of the member forces, as computed
by the method of joints, are shown in next figures, and
are tabulated in the TABLE

89
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Solution

N = member forces due to external loading

70 kN

5\ %5 0 2
o° % S s
> 80 of N 0 @
- A E
B 1ms 1525 775 D 77.5
T \ 4 Y T
80 kN 80 kN

82.5 77.5

90
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Solution

np = member forces due to unit load at joint D

F 0.5 G 0.5 H
2,
u '
4 25, u 7
) Z %) -0
Q- % 6
0 0 O 1 4
A E
0 >
A, 025 B 025 ¢ 075 D T 0.75

91
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Solution

Ngs = member forces due to unit force in member BG

F 0707 G 0 H
) 1
© 5 5 N 0
N N 0
(@) o
0 A E
,/797 0 B 0.707 ¢ 0 D 0

92
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np Ngg
(kN/kN) (kN/kN)

AB 10 152.5 -0.25 0 -381.25 0 0.625 0 0 128.373
BC 10 152.5 -0.25 -0.707 -381.25 -1078.175 0.625 5 1.768 104.265
CcD 10 77.5 -0.75 0 -581.25 0 5.625 0 0 5.12
DE 10 77.5 -0.75 0 -581.25 0 5.625 0 0 5.12
FG 10 -85 0.5 -0.707 -425 600.95 25 5 -3.535 -60.855
GH 10 -85 0.5 0 -425 0 2.5 0 0 -36.747
BF 10 80 0 -0.707 0 -565.60 0 5 0 55.891
CG 10 0 0 -0.707 0 0 0 5 0 -24.109
DH 10 0 -1 0 0 0 10 0 0 -96.507
AF 14.142 -116.673 0.354 0 -584.096 0 1.772 0 0 -82.51
BG 14.142 0 0 1 0 0 0 14.142 0 34.1
CF 14.142 3.536 -0.354 1 -17.702 50.006 1772 14.142 -5.006 3.473
CH 14.142 109.602 0.354 0 548.697 0 1.772 0 0 143.765
EH 14.142 -109.602 1.061 0 -1644.541 0 15.92 0 0 -7.208
Z -4472.642  -992.819 48.736 48.284 -6.773

93
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Compatibility Equation

0=A, +DnyD +FBGfD,BG
O0=Ag;+ DnyG,D + FBGfBG,BG

4,472.642 kN.m 48.284 m
AD:_ AR fBG,BG: AF
992 819 kN.m 6.773 m
ABG:_ AE fBG,D:fD,BG:_ AE
48.736 m
fDD — AE

By substituting these values into the above equations

94
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Compatibility Equation

—4,472.642+48.7306D , —6.713F,; =0
—992.819-6.773D, +48.284F,; =0

Solving these equations simultaneously for D, and Fgg

D, =96.507 kN T
Fyo =34.1kN

95
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The remaining reactions of the indeterminate truss can
now be determined by superposition of reactions of

primary truss due to the external loading and dueto
each of the redundants.

The forces in the remaining members of the

indeterminate truss can be determined by using the
superposition relationship

96



F G H
Ak %35 > 70 kN
80 of ¥ 0 »
<—A E
70 A 1525 B 152.5 ¢y, 775 D 77.5 A
80 kN 80 kN
82.5 77.5
+
F 05 _G 05_ H
D Q ) Z
> 25 oy %
0 < 0 Q 1 4
A E
0 /’\?’ 025 B 025 ¢ 075 p 4 0.75 1
+ 1 kN
0.25 0.75
F 0.707_ G 0 H
° S {1 S o o
™~ ™~
S S 0
O%A E
A 0 B 0.707 C 0 D O A
0 _ 0
F 60855 G 36747 N
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